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Abstract
We exhibit a relation between folds and a tile of the plane. More precisely, given a -nite
word coding vertical and horizontal folds we give a necessary and su/cient condition in order
to tile the plane with a set of tiles constructed with copies of the unfold surface.
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1. Introduction
In this note we prove a theorem related to folds and tiles. Given a square surface,
we are interested in folding it, following the vertical and horizontal middles at each
step. A vertical fold will be denoted by v and the horizontal fold by h (see Fig. 1).
Let us now consider a word !∈{v; h}∗; we will say that !=w1:::wn is balanced if
card {j=wj = v}= card{j=wj = h}, i.e. w has the same number of v’s and h’s. We are
interested in associating every word to its respective fold, for instance w= vhhv gives
the surface of Fig. 2.
Now we will associate a given word w∈{v; h}∗ to a tiling problem. For that, let A
be the unfolded surface after the application of folds associated to w. De-ne the set
〈A〉 as the surfaces generated by the action on A of the group of square symmetries,
i.e. rotations in (0◦; 90◦; 180◦; 270◦) and vertical, horizontal and diagonal re>ections.
The set 〈A(vhhv)〉 is exhibited in Fig. 3.
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Fig. 1. Folds and unfolds. Vertical and horizontal folding. The “0” corresponds to a reference. The operator
v(h) codes a vertical (horizontal) folding.
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Fig. 2. Unfolded surface associated to vhhv. Thick lines correspond to ‘valleys” and thin ones to “hills.”
We now associate a set 〈A(w)〉 to a tiling problem: given a balanced word w∈{v; h}∗,
which is the characterization of the word, w, such that it is possible to tile the plane
with elements of the associated set 〈A(w)〉 so that two contiguous tiles have matching
borders, i.e. hills with hills and valleys with valleys? (see Fig. 4).
For instance, let us consider only the border bor(x) of each tile x i.e. given x∈ 〈A〉,
we code each border fold as 0 for a valley and 1 for a hill. For instance:
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where a = 22 : 1 + 21 : 0 + 20 : 0 = 4, c= 3, d=1.
Then the set of -g.3 can be represented by the titles of -g.5.
vertical reflection
90° 180° 270°0°
Fig. 3. Set 〈A(vhhv)〉: rotations and re>ections.
(i) (ii)
Fig. 4. (i) A good tile. (ii) A bad tile.
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Fig. 5. Set of tiles, 〈A(vhhv〉).
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The next diagonal to the left is given by using the tile 4
1
3
4
and the next to the right
by using 3
34
6
. The previous construction is equivalent to the following “super-tile”.
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In this super-tile the upper edge (left) and the lower edge (right) coincide, from
which it follows that we can tile the plane.
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and in this case the “super-tile” is:
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Also, we can tile the plane by using the eight tiles. It su/ces to consider the “super-
tile”:
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It is not di/cult to see that for the words vhvh; vhhv; hvvh; hvhv, it is possible to tile
the plane with at least four tiles, and it is not possible to do that for the set generated
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by the word vvhh and hhvv [3]. Further, when a tile of the plane is possible, as we
will prove in a general situation, we need at least four tiles [3].
The initial motivation for this problem was the work of the Chilean plastic artist
Eugenio Dittborn (see [1,2]). His work consists of the artistic intervention on large
surfaces with images, gra/ti, and a wide variety of artistic manifestations. Given their
large format (more than 2× 2 meters each), Dittborn -rst sent the canvases out to
be folded before beginning his work. Once the series was completed, he folded them
again and sent them by air mail to Sydney or New York or other exhibition sites.
Upon reaching their destination, the works were unfolded and in many cases a group
of them appear to be fastened together in such a way that not only does the thematic
matter coincide, but the folds at their borders do as well. This was then the origin of
the problem that gave the mathematical response to the artist’s folds, vhhv, now called
canonical folding. This would allow us, if we desired to do so, to tile the plane [3].
2. Characterization of folding and tiling words
Theorem. Given a balanced word w∈{v; h}∗, the associated set 〈A(w)〉 tiles the plane
if and only if w does not allow the pre9x vv or hh.
Proof. Let us -rst suppose that w does not contain the pre-x vv or hh, so w= vhx or
w= hvx.
Let us consider the word w= vhx, such that it has exactly N h’s and N v’s, so the
number of vertical (horizontal) folds in the border is p=
∑N−1
i=0 2
i. Furthermore, each
fold (except the -rst one, say v) generates an anti-symmetrical fold on each side of the
half of the surface [3]. Therefore, after making the folds in the borders, the following
general pattern results:
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where xi ∈{0; 1}; Pxi =1− xi and n=(p− 1)=2.
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Taking the rotations and re>ections as in the Dittborn’s case we have:
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Now by coding a= x1 · · · xn; Pa= Px1 · · · Pxn; b= xn · · · x1; Pb= Pxn · · · Px1, we obtain the
generic set 〈A(w)〉:
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By taking the tiles 1, 8, 7 and 2 we may build a periodic “supertile” which allows
us to tile the whole plane:
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Now let us see what happens when we take w with the pre-x vv (it is similar
for hh). In this case the surface will have three non-antisymmetrical folds in the two
borders at the top and at the bottom, as follows:
0 0 1
0 0 1
So whenever we make w with every horizontal and vertical fold, the previous pattern
remains unchanged, and in this position (without considering the others folds) we will
obtain:
αx +
αx −
x
x − α x x + α 
1
 0
1
0
0
1
0      0      1
0      0      1
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Therefore, let us study the set of tiles, S, by regarding only these three positions:
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Suppose now that X1 belongs to a tile of the plane by using tiles of the set S, so
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Suppose that X2 belongs to a tile, hence:
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and X =∈ S.
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If we consider X3
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it is impossible to tile because we know that X2 cannot belong to a tile. On the other
hand, for tiles 4; 5; 6; 7; 8 we have:
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which proves that when the pre-x vv or hh appears in w, it is not possible to tile the
plane.
Now we prove that when tiling is possible, one has to use at least four tiles.
Proposition. Let w=w1 · · ·w2n ∈{v; h}∗ be a balanced word with pre9x w1w2 ∈
{vh; hv}, then to tile the plane from the set 〈A(w)〉, we need at least four di;er-
ent tiles.
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Proof. As we saw in the proof of previous theorem, the set 〈A(w)〉 is the following:
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where x= Pa0b; u= a1Pb; v= a0Pb; w= Pa1b. Now, let us consider for instance that the
tile v
x
x u
, belongs to one tile of the plane, so:
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From the set 〈A(w)〉, we have several relationships:
(i) x1 	= x; x2 	= u; x3 	= v; x4 	= x;
(ii) x1 	= x3; x2 	= x4;
(iii) x1 	= v; x4 	= u; x2 	= x; x3 	= x.
Therefore, the three tiles
x
x
1
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u
x
x
v
v3, , are diQerent. Further:
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and, from conditions (i)–(iii), x
x
1
4
is diQerent from the three tiles of the central
column, then in the whole tile we need at least four diQerent elements. In the cases
the proof is similar.
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3. Conclusions
In this paper we had proven a general result concerning two diQerent mathematical
disciplines: folding and tiling. Our result permits, in a particular situation to exhibit a
bridge between both of them.
One of the future issues of this kind of approach may be the structure of folds and
eventually its respectives associated tiles for in-nite words on the alphabet {v; h}. For
some periodic words one may observe interesting self-similarity structures [3].
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